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Abstract
We study brane-world black holes from Randall-Sundrum(RS) models in
(D + 1)-dimensional anti-de Sitter spacetimes. The solutions are directly
obtained by using a slightly modied RS metric ansatz in D + 1 dimensions.
The metric of the brane world can be described by the Schwarzschild solution
promoted to the black cigar solution in D+1 dimensions, which is compatible
with the recently suggested black cigar solution for D = 4. Furthermore, we
show that the Ricci flat condition for the brane can be easily derived from the
eective gravity dened on the brane by using the RS dimensional reduction.
Especially, it is shown that in two dimensions the eective gravity on the
brane is described by the Polyakov action.







Recently, there has been much interests in the idea that our universe may be embedded
in some higher-dimensional spacetimes. It has been suggested that the gauge hierarchy
problem can be resolved in higher dimensions [1,2]. This framework unies gravitation and
gauge interactions at the weak scale and explains their hierarchy in our spacetime. However,
this leads to another hierarchy between weak scale and compactication one.
On the other hand, in order to solve the hierarchy problem Randall and Sundrum(RS)
have proposed a two-brane model called RS1 model involving a small and curved extra
dimension which is a slice of anti-de Sitter (AdS) spacetime [3]. The negative tension brane
is regarded as our universe and the hierarchy between physical scales naturally appears in our
brane. Furthermore, RS have studied a single-brane model(RS2 model) by taking rc !1,
where rc is a radius of the extra dimension [4]. In these RS models, the nonfactorizable
metric with −pirc  y  pirc
ds2 = e−2kjyjηµνdxµdxν + dy2, (1)
is essential as a static vacuum, which is dierent from that of the conventional Kaulza-
Klein(KK) style in that the extra coordinate is associated with the conformal factor. On
the other hand, the cosmological aspects of the RS model are intensively studied in Ref. [5].
The linearized gravity on the RS brane world is also treated in Refs. [4,6,7] and the dilatonic
brane-world model are covered in Ref. [8].
As for black holes, Chamblin, Hawking, and Reall(CHR) [9] have proposed that a non-
rotating and uncharged black hole on the domain wall is described by a black cigar solution
in ve dimensions. The curvature singularity and black hole mass have been discussed in
detail. In Ref. [9], the vacuum metric (1) is generalized by substituting ηµν with gµν under
the Ricci flat condition, and nd the brane-world solution.
In this paper, we would like to obtain the brane-world black hole solutions from the
(D + 1)-dimensional AdS gravity with (D − 1)-branes, and also nd the eective gravity
of the brane in terms of the RS dimensional reduction. In our calculations, the Ricci flat
condition naturally appears as an equation of motion even though there exists some scalar
2
eld couplings in the eective action, so that the desirable brane-world solution can be easily
obtained. On the other hand, the single brane limit is well dened, and the eective gravity
just becomes Einstein gravity. Furthermore, for the case of three dimensions two-dimensional
eective gravity is described by the well-known Polyakov action.






















where λ(+) and λ(−) are tensions of the branes at y = 0 and at y = pirc, respectively, D(D−
1)k2 is a cosmological constant, and κ2(D+1) = 8piG
(D+1)
N . Note that we use M, N, K,    =
0, 1,    , D for (D + 1)-dimensional spacetime indices and µ, ν, κ,    = 0, 1,    , D − 1 for
branes. We assume orbifold S1/Z2 which has a periodicity in the extra coordinate y and
identify −y with y. Two singular points on the orbifold are located at y = 0 and y = pirc,
and two (D− 1)-branes are placed at these points, respectively. Note that ~g(+)µν and ~g(−)µν are
dened as
~g(+)µν  g(D+1)µν (xµ, y = 0),
~g(−)µν  g(D+1)µν (xµ, y = pirc). (3)
We assume a generalized metric as
ds2(D+1) = e
σ(y)Φ(x)g(D)µν dx
µdxν + T 2(x)dy2, (4)
where the moduli eld T (x) is dierent from (x) for the present. From Eq. (2), the




























































R(D) − σ(D − 1)2− 1
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∂yσ = 0. (10)
It is interesting to note that the case of σ(y) = constant corresponding to a factorizable ge-
ometry describes a conventional Kaluza-Klein(KK) theory without a KK gauge eld Aµ(x).
For our nonfactorizable metric (4), we take σ(y) = −2kjyj by considering RS vacuum metric
(1), then Eq. (10) yields
(x) = T (x). (11)
In the (µν)-components of Eq. (5), there exist discontinuities resulting from the delta
functional source due to the presence of brane tensions at y = 0 and at y = pirc. At this











dyT (D+1)µν . (12)
The jump along the extra coordinate near the (D − 1)-branes gives a relation,
4
λ(+) = −λ(−) = 2(D − 1)
κ2(D+1)
k, (13)
where we note that the branes at y = 0 and at y = pirc have a positive tension (λ(+)) and a
negative one (λ(−)), respectively. Using the relation (13) for this brane model, the equation
























2rµTrνT + (D − 3)g(D)µν (rT )2
]
= 0, (14)
R(D) + 2kjyj(D− 1)2T − k2y2(D − 1)(D − 2)(rT )2 = 0. (15)
Trace of Eq. (14) and Eq. (15) give the following simple equations,
R(D) + kjyj(D − 1)2T = 0,
2T − kjyj(D− 2)(rT )2 = 0. (16)
Since Eq. (16) requires T (x) is constant, we simply set T (x) = 1, then metric solution g(D)µν
should be determined by a Ricci flat condition,
R(D) = 0. (17)
Therefore, the Ricci flat condition introduced in Ref. [9] is obtained from the equations of
motion. This condition can be also derived from the eective action on the brane, which
will be discussed later. From this Ricci flat condition (17), it is natural to consider the

















where dΩ2(D−2) is a metric of unit (D − 2)-sphere. For D = 4, it is a \black cigar" solution
which describes a black hole placed on the hypersurface at the xed extra coordinate y [9].
The black hole horizon is rH = 2M [9], which is shown in FIG. 1.
On the other hand, the Arnowitt-Deser-Meisner(ADM) mass ~M of the brane-world black
hole measured on the brane is given as
5








FIG. 1. The black hole can be formed by collapsing matters on the brane and its singularities
exist along the extra dimension.
~M = Me−ky0 , (19)
where y0 is 0 and pirc which are y-coordinates of the positive and the negative tension branes,
respectively.
The Ricci scalar and the square of the Ricci tensor are constant, while the square of
Riemann tensor is written as
RMNKLR




especially for D = 4. It can be shown that in Eq. (20), there exists a curvature singularity
at r = 0 and this is extended along the y-coordinate such as a string in FIG. 1. The range of
y spans from 0 to yc = pirc for the RS1 model, while for the RS2 model, yc goes to innity.
Therefore, for yc ! 1, the square of Riemann tensor diverges for nite r and the ADM
mass would be exponentially suppressed as ~M = Me−kycjyc!1 ! 0 on the negative tension
brane for the RS2 model.
We now study D-dimensional eective theory on the brane by using the dimensional
reduction with generalized metric (4) of RS models and by including the constraint (11)
to be consistent with (D + 1)-dimensional Einstein equation and nd an explicit action
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describing the brane world. At rst sight, a candidate for the theory seems to be Einstein
gravity because of the Ricci flat condition. However, the resulting action looks like a dilaton






































(D − 2)(rT )2 − k2y2(D − 1)(D − 2)(rT )2
− D(D + 1)e−2kjyjTk2 + 4
T











After integrating out along the extra dimension y from −pirc to pirc, the D-dimensional














R(D) − 2(D − 1)e−(D−2)φ(rφ)2
+
(











where we redened φ(x)  pikrcT (x). If we use junction condition (13) in Eq. (23), then


















The action (24) is reminiscent of the low-energy string theory with some modied dilaton
coupling, however, it is dierent in that the Ricci flat condition is satised through the
equations of motion.








g(D)µν R(D)) + (D − 2)2e−(D−2)φrµφrνφ
− (D − 2)e−(D−2)φrµrνφ− g(D)µν (D − 2)2e−(D−2)φ(rφ)2 + g(D)µν (D − 2)e−(D−2)φ2φ
]







R(D) − (D − 1)(D − 2)(rφ)2 + 2(D − 1)2φ = 0, (26)
and the trace of Eq. (25) gives
R(D) − e−(D−2)φ
(
R(D) − (D − 1)(D − 2)(rφ)2 + 2(D − 1)2φ
)
= 0. (27)
Combining Eqs. (26) and (27), the Ricci flat condition R(D) = 0 is obtained, which is
consistent with the previous Eq. (17) from the (D + 1)-dimensional analysis.
As for the special case of D = 2, we take the limit of D ! 2 in the action (24), then












Integrating out φ(x), the well-known two-dimensional Polyakov action [10] is obtained,








This result is of interest in that the Polyakov action is derived from the classical three-
dimensional brane-world model. From the beginning, if one xes D = 2, then the same
result comes out.
Now, it seems to be appropriate to comment on a single brane model of RS2 model
[4], the similar analysis to the RS1 model can be applied to the RS2 model, however, for
simplicity, we take the limit of rc !1 corresponding to φ(x) !1 in Eq. (24). Then, the








It is the D-dimensional Einstein-Hilbert action which yields a D-dimensional Schwarzschild
black hole solution. For the present RS2 model, if y !1, the ADM mass (19) is exponen-
tially suppressed and the black hole horizon shrinks to zero at the AdS horizon.
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1− e− (D−2)2 φ
)
, (31)
where M3(D+1) is a mass scale in (D+1)-dimensional spacetimes which is dened as 1/κ
2
(D+1).
Note that the relation (31) is consistent with the result of the original cosmological derivation
[3] for the constant background φ = pikrc in D = 4.
In summary, we have studied the brane-world black hole solutions in the RS model. The
RS dimensional reduction with the junction conditions gives the interesting brane-world
gravity. The Ricci flat condition appears as one of the equations of motion and the solutions
are easily solved. As a comment, the eective gravity might reflect more or less holographic
properties in that especially for D = 2 the Polyakov induced gravity is a conformal eld




in the spirit of AdS/CFT correspondence [11], so
that it would be interesting to study this issue in more detail.
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